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r"T’'  ^Tha  Departaont  of  Phyeloe 

^The  Btate  Oolitic®  of  Waehlnr ' or. 
Pullman  Weehlngton 


Prepared  BepteiAer  let  1955  ••  • teohnleel  report  of  work  done  under 
oontrest  N7-onr-55005  of  project  HR  OiO-^Oj  end  distributed  aooordlng 
to  the  llet  for  that  projeot 


Thle  paper  la  * continuation  of  the  piwTtou*  report  under  the 
arw  title,  d*tad  i-'*y  18th  19*^.  la  thle  paper  • acre  general 
esprasaion  le  obtained  for  the  steady  etetce,  and  • b«r Inning  la 
aede  toward*  developing  * theory  of  eleet7torl  reeletwnce  at  wary 
low  temper  at  ores,  baaed  on  the  new  point  of  view. 

Introduction 

The  ayete®  under  dlaoueelon  oonalate  of  an  electron  end  e 
lattice  with  Ita  spectrum  of  normal  aodta,  or  phonon*.  The  Hamiltonian 
Involves  three  tarae,  the  aleotron  In  the  lattice  field,  the  phonona, 
end  the  interaction  between  the  electron  and  phonona  that  oooura  beoeuae 
oT  the  phonon  aioduletlone  of  the  lattice  potential.  In  Bardsen'e 
recent  work  (l)  thla  whole  ay ate a la  treated  quentun-maohanteaUy*,  e 
suitable  were  function  being  e product  of  two  feotoret  (•)  e Bloch 
function  of  the  electron  coordinator,  end  (b)  a function  of  the  general* 
ited  oacUletor  eoordlneter  of  the  normal  nodea  of  the  lettlee.  The 
aigniflcenoe  of  thle  procedure  doee  not  eea®  to  hare  been  generally 

• Bardeen's  work  wee  Inoorrcotly  aaaaaaad  in  the  flret  report,  p.10. 
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raccjunlxed,  In  our  previous  thinking  on  tht#  premia  aw  tho  int*  r nation 
between  electron  end  phenett  hM  boon  tefcen  •»  « llwe-d* pendent  perturb- 
ation of  tho  field  to  which  the  elmotrea  >»«i(  tho  phonon  being  nothing 
more  t*»en  the  olsesloel  ant  Ion  of  the  letile*  point*  (||)t  md  the 
reel* two*  of  the  lattice  wee  thought  to  s«  due  to  the  scetterlng  of  the 
electron  due  to  thte  ttire-de pendent  perturbation. 

■"he  new  quenluta-wiohanleal  picture  of  the  phonon*  ham  the  effect  of 
repleolng  t?>*  dees  to  el  notion  of  the  tettlo*  point*  by  hero  onto  oeotll- 
etor  probability  function**  end  the  perturbation  due  to  the  Into  root  l on 
between  phonon*  end  electron  no  longer  contain*  ttm*  explicitly,  but  1* 

* function  only  of  the  gene r alined  coord’ net*#  of  the  noneel  aaode*  end 
the  position  variable  of  tho  electron  wove  function. 

1 euoh  e system  there  oen  be  no  qua  at  Ion  of  scattering  fro*  one 
•tete  a #n other  in  the  oourae  of  tine  because  tlae  le  absent  from  the 
Hamilton ten  coup lately.  Standard  parturbetlcn  theory.  If  applied 
correctly  end  oonatsten*ly  to  thl*  new  problem,  lead*  automatically  to 
steady  state  solutions.  Bran  though  these  steady  state  solutions  may 
not  In  prootlca  be  found  exactly,  they  do  In  prlnolpl*  sxlst.  *hase 
oolutlons  *r»  steady  In  the  sense  that  the  system  a*  s whole,  electron 
plus  lattice,  does  not  change  with  tits*.  On*  quantum  of  energy  peaces 
continually  back  end  forth  between  the  electron  end  lattice . from  the 
elaeeloel  point  of  view,  when  * quantum  of  energy  peases  from  the 


] 

I 
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eUatrcn  to  the  lattic#*  It  la  thar*  leet  to  h#et,  and  air  atro-.  | 

scattering  result*.  On  th*  new  point  ef  view  ther*  i*  * resonmee  1 

between  lattice  and  electron,  *o  th*  quarttua  la  tot  loat  but  presently 
raturnad  to  th*  electron.  Bush  • r**oneoe«  w*a  tr.cono*  treble  eleasteelly 
but  t*  *n  Inevitable  result  at  the  tru*  '»u*r.tur-  plc’ur* , 

Bearing  the**  point*  In  alnd.  on*  1*  lad  to  aor*  general  wave 
function * theft  tho*«  used  by  Bardeen.  In  Hi#  work  It  was  ***ua»d  that 
th*  phonon*  remain  in  thetr  lowaat  aero -point  arcryv  at*t**.  On  th* 
present  picture  thi*  o*n  hardly  be  **tt*f aetory,  because  energy  necessarily 
passes  beck  and  forth  between  lattice  and  electron,  *o  that  th*  phonons 
get  excited  by  the  resonance  proceaa. 


\ 
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Th*  resonsne*  states 

To  describe  th#  combine d system,  we  use  Bloch  f ra«~«  lectron  »ev* 
functions  u(k,r)  where  It  l*  the  weva-fumbar  rector.  For  the 
phonon*  w*  uee  the  normal  nodes  of  the  lattioei  th*  displacement  of  * 
lettlo*  point  et  equilibria*  position  q,  due  to  the  pth  normal  nod*  it 
cleeslcelly 

Tp(Q)  - *p  •'"p*  ooe(ip.Q)  (l) 

where  *p  l*  th*  angular  frequency  of  the  pth  node,  p le  the  vector 
(2TT/L)  time*  the  Integral  eet  of  wave  numbers,  and  the  ooalne  t*  to  be 
understood  a*  th*  product  of  thra#  eoalnaa,  tone  for  each  dimension  of  the 


"■'TP’Wf  #»**»■* 
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oryat*l,  a Ida  L,  Tha  coef ? iclente 

?a(t)  - A *lV  (2) 

P r 

sr«  generrlissed  eoorsUnsiee  for  the  phonon  eotton,  end  the  ol***to*l 
Kattiltonlen  in  terae  cf  these  soordinotee  t*  v»ll-'<aiovn  {%)' 

’ »£.*?■?  <» 

P P 

following  Berdoen,  we  now  treet  the  phonon  port  of  the  oroblom  by 
i-e  piecing  tin  float  it  ant  on  (5)  by  tin  operator 

"pho*^  * - »V/&f  J - *£  *p  yf  * W 

Tho  otfonfunettons  0 ore  products  of  Hermlte  polynomials  of  the 
simple  heraonlo  eeoilletor,  one  for  oooh  norm*!  mc-de  coordinate,  tho 
eigenvalues  being  suns  of  the  tens*  (np*  *)hwp» 

* IT  *np  V^>F>  (5? 

whore  o£p  **  WpA,  on d NBp  ere  normalisation  oonatwnt*. 

Thto  funotlen  depend*  on  oil  tho  normal  ooordlnotoo  yp,  ond  the  state 
io  specif  tod  by  tho  set  of  quantum  number*  np,  one  for  oooh  node, 
ooilootivoiy  roprooontod  by  tho  eyabol  ^n). 

Coupling  between  tho  electron  ond  phonon*  to  secured  through  tho 


phonon  modulation  of  tho  Inttle*  potential*  Xf  fie  phonon  aaplltudes 
ore  not  toe  greet,  we  tray  neglect  enharaonlo  effects,  end  the  potential 
modulation  le  proper ttonol  to  the  relative  displacements  of  the  lattice 


points*  f-  thsi  ve  testy  write  for  this  eaduleittm 

V * 2j  Kp  fp  *lrsC?J>‘r) 

P 

where  again  a product  of  three  einee  lo  understood,  jrp  1#  tho 
normal  mode  coordinate  of  «q*(2}»  end  a proport lonellty  aonatent 
depending  on  the  fora  of  the  lattice  potential.  Note  that  7 te 
not  » function  of  tla*  explicitly. 

*he  oomblned  Hamiltonian  le  now 

H • - (fi2/2a)V2  ♦ nph<w  ♦ Yl0tt  ♦ T (?) 

where  Vi*tt  l*  the  potential  of  en  electron  in  the  Ideel  lattioe. 

If  7 were  zero,  the  eigenfunction*  of  H would  be 

We  now  regard  V as  a perturbation,  not  tin* -da pendent,  end  tnerafora 
teak  linear  ooabinetlone  of  elgenfunotlone  like  (8)  for  the  perturbed 
Haailltonlan.  Bardeen  doee  thie  by  foratng  linear  ooabinetlone  of  the 
Bloch  functions,  retaining  tha  oeotlletor  feotor  0 unchanged.  Thie 
procedure  le  not  consistent  with  our  present  picture,  which  wuat  allow 
for  excitation  of  tha  phonone  also.  Inetaad  we  therefor#  for*  the  sore 
general  linear  coohlnetlon  ae  follow* i 

$[({«'UkKjyj*p)]  - u(k,r)^n\,$yp  ♦ 


> i :«/  of  ? '.j.’i  i t to  be  r« preee c *,ed  by  n d*\*r- t-.-  *■ 

f^rrr^d  tor*  (5)  nth  ro*;*«ct  to  oorte  *pecified  spectrum  of  1:  v.*.c*  or; 
vor  thr  .resent  »9  shall  nut  be  concerned  with  the  effect*  of  the 
exclusion  principle,  end  will  omit  the  oorrpl  lost  Iona  of  foraellura 
needed  to  handle  the  detcrmlr,»nt  fora*. 

standard  oerturbetlon  procedure  applied  to  (?)  leads  at  once  to 


l(W.J)  [*•({«!.  k)  - 


* ZI  in'jjK 

p 


(10) 


where  E°(^n^,k)  « JT  nphv_  * -h2^ /2a*  (11) 

P 

Here  the  matrix  element*  (j|  |;c)  ere  with  rsepeot  to  tho  Bloch 
funftttojis,  end  the  cl*r»ente  (}®}|  |fnl)  ®re  with  reepeet  to  the 
oeolVrtor  funotlono.  The  ras*  iu*'  te  tre  e.fcctlve  moae  of  the 


eleotron  for  the  Bloch  function*. 

Ii'ow  the  element*  ({  » ijypl 1}  hj)  of  the  mutrlx  of  y p ere  ell 

eero  exoept  thoee  for  which  one  end  only  one  comber.  n«  of  the  eat 

P 

t»\  differs  from  the  cor responding  wnbir  np  of  the  set  f nj  by 
unttr  *P  * "p  - 1 (12) 

In  whloh  e*ef 

H ««•»►  CBp  < I)‘v8.p  or  np^n/2.p  (IJ) 


Best  M 


a\\ab\Q  Cop^ 
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('g#ln  tir  matrix  el^tante  ( j j«ln*p.r{ k)  <r*nl»h  ur.l*««  j 

J - k * p { 

in  *hich  a#s*  th«  etsssant  • cjufcls  unity,  Thu*  « & vy  *3tpr«*"«  th» 

«if»nfujiotlon*i  (9)  l»  th«  fora 


$((n^,k){fy{,r)  * «(k, r?S?({n\,j  y} } ♦ 


fhe  laai  expreaeione  repr*e»n»  th*  rweowsnec  energy  *>f  th*  € It  sirs-:, 
in  c»3ond  order#  in  re* pone*  to  eetU*  ecouetioel  mpootr^tB  present  in 


th*  lattice. 


Th#  «bcnr«  approximation  f*it#  only  wb*a  degeneracy  occur*  between 
•t*te*  for  which  the  au~*r*tor*  do  net  **nt*h  identic*!!; y.  <rht»  occur* 
with  th*  expreeeion  In  th*  **cond  11***  of  (15)  *t  th*  3!ooh  zona  bound- 
aries, and  1*  r*aowd  In  th*  familiar  f**htoo  leading  to  energy  dleeont- 
Inult  lee  *i  th*  ton*  bounder l* *.  Th*  r»* onano*  tern*  *lw*  • taller 
troubl*  when  th*  wee*  mmber  eeotor  k he*  any  of  the  *p«oi*l  values 
at  which 

(h2/2»*)(k  * p)2  - h^/a**  * 1 hWp  (1?) 


when  th*  kinetlo  energy  ohenge  in  th*  electron  exactly  equal*  th* 
eoconpcnylng  change  tn  eooustloel  energy.  If  9 1*  the  engle  between 
the  vector*  it  end  py  and  if  e t*  th*  we  loo  It/  of  propagation  of  th* 
phonon  in  th*  l«ttio*#  thi*  condition  oan  be  written 

Sk  eo*9  • - p t »*o/h  (15) 

Th*  trouble  t#  re  sowed  in  th*  am*  way  a*  with  th*  ami*  bounder  lee. 
for  any  etet*  k for  which  (15)  i*  true*  the  ctet*  key  suet  be 
included  in  th*  war*  t motion  in  ntrodi order*  Th*  linear  ooabinatton 
in  a* rath  order  that  dl*gon»lle#e  th*  singuler  aatrlx  (t)  1*  easily 
found  to  bet  (See*  i#  poet  tie*  etgn  in  eq.(lfl). 


2“^t«(kfr)#(|n*!#y)  * *(*♦?*!■>£<* 


(19) 


The  tvo  s,  ;(■  ns  here  give  the  two  alternative  perturbed  wroth  - ;-rder 
vave  functions  corresponding  to  the  two  unperturbed  wave  functions 
at  ($n},k}  end  ($n*},kyp).  ?ss«  11,  negative  *ir*  *«  ea.flS): 

- 2 ^u( it, r)0( [ n”} # y } t u<*P,r#([nj>y}  j (20) 

▼he  first  order  perturbation  energy  eocespsnylng  these  aeroth  order 


resonsnosa  let 


Oeee  it 


<3  see  111 


l *M„  npV*p 


The  lowest  energies  srs  in  general  those  in  resonsnos  with  the  lowest 
frequency  phonons. 


Evidently  the  currents  carried  by  those  resonance  states  are 
oscillatory  In  time,  but  thalr  aeen  values  ere  simple  means  between 
the  free '•particle  currents  cor  respond  inf.  to  the  were  nuabsr  weot.ora  k 
end  k»p*  ^hs  resistance  of  the  lettloe  due  to  these  purs  phonon 
inter set ions  Is  there fore  absolutely  w»ro.  t state  of  aaro  current 
is  always  available  by  combining  two  resonance  etetss  corresponding 
to  opposite  currents,  end  will  In  general  be  lower  in  energy  the jp 
s ste*e  of  finite  net  current. 


#.  poSS 


pee*  stance  a*ch«ni«n 


A»  euphMl ®ed  In  the  previous  report#  the  resistance  of  the 
pbonon-mc'duletad  lattice  eeeees  to  be  tero  only  through  random 
transitions  among  the  phonon  etetee  Induced  by  thermal  fluctuation*. 
i'o  find  « mechanism  for  euoh  random  treneltione  It  le  not  nooes-ary 
to  Include  enhermonlo  terme  tn  the  Hmstltonien.  In  *a  lde&  crystal 
model,  eet  up  for  the  dleeueelon  of  the  Debye  theory  of  epeotflo 
beet,  the  phoneme  ere  trending  were#  produced  by  ref  Ire  t Ion  et  the 
perfect  boundaries.  We  now  consider  e tingle  domain  herring  ell  the 
ideal  oher coterie ties  required,  except  thet  it  le  surrounded  by  e 
thermal  bath*  Hera  ite  surface  le  tub  jetted  to  random  pressure 
fluctuations,  which,  treaelstsd,  mesne  It  te  bombarded  by  random 
ecouetic  ibises.  The  # tending  waves  within  the  oryetel  ere  then 
eubjaot  to  r endow  change » in  pheee  through  the  motion  of  the  reflect- 
ing bound nrlee.  Such  pheee  shifts  show  up  in  eq*(2)  In  the  fora 

*1  * f9  *lSp  (22) 

where  y*  le  the  Modified  gem  re  lined  coordinate  and  the  pheee  ehlft 
le  oor^  ponding  to  the  p^*1  mode.  The  Permit  tan  form  of  Hamiltonian 
perturbation  corresponding  to  euoh  e pheee  shift  in  eq.(J)  Is  easily 
shown  to  have  the  form 


KJ  * »i«(26p)  yjj  (25) 

and  whan  the  phase  shift  te  sufficiently  email  we  may  write 


H* 

P 


(2*) 


i 


'v*  matrix  ' thi*  perturbation  with  reopeet  to  V e ^pert-nr- 
- nlo  «'?;  tll4or  Wavs  functions  of  ^photi  aor!lw**,:::  0-1’/  threa 
of  oeoponenta  as  follow*! 


(e,1h?Iv^  **  ^pS,^V(vl) 


perturbed  oe dilator  veto  function,  tc  first  order  In  &p»  l» 

*p  - *G?  * ■*  {26) 
whoro  ^0p  Is  the  unperturbed  oectllntor  f a ction,  5^  l»  tho 
unperturbed  ooolllstor  function  with  np+2  replacing  np,  end 
the  sons  with  ttp-2  replacing  up*  fbe  prebebLHty  that  the  eye tea 
be  rsaored  frow  Ite  original  state  $ep  by  the  • Ingle  phase  juap  le 
therefore  |Sp(l  t np  ♦ n*)  If  0p  such  phase  junpe  oocur 

per  unit  tltti»(  we  sen  define  • relaxation  tin*  for  the  eoatierlng 

out  of  the  original  etetet 

- iOp^  (l  * np  - n|)  (27) 

A t ordinary  teaperaturee  these  transltlone  in  phase  and  resulting 
transitions  in  phonon  state  a r vould  be  so  rapid,  presumably,  thet  it  le 
useless  to  ploture  the  aleotrona  as  foraing  reso nance  states  with  the 
Individual  phonon  stalest  fp,  the  llfs-tlae  of  the  phonon  state  being 
too  short-  The  standard  ploture  of  resistance  in  whloh  the  electrons 


f re 


arc  80s'. oat  of  ih?ir  vj?dte*ry  momentum  eta  toe. 


it  t **.«n  *" 


realistic.  But  si  sufficiently  low  tenpersturso,  w a«y  re  <•*  r-.sb  l? 
suppose  that  the  life-tie*  of  thi  phonpn  etatee  b«ao«e  loft?  enough 
wid  the  ploture  here  developed  beeoaes  usnfult  nasal?  that  the  electrons 
form  resonance  etetee  with  the  phonon  steles,  end  get  shaken  out  of 
the**  resonance  etetee  only  through  the  phewen-trens  It  ions  with  • 
frequency  gtt*n  by  (27) . 

It  te  clear  now  thet  on  the  present  rod* 1,  aleotrtcel  r*etet*noe 
e*n  vanish  *t  e ftntte  temperature  only  If  the  pheee  Jumps  due  to 
fluctuations  disappear*  Let  ue  consider  whet  Happen*  when  e pheee 
shift  is  produced  at  s fluctuates  hound rry.  ^he  pheee  shift  oennot 
Immediately  effect  the  standing  wave  as  e whole,  but  la  propagated 
throughout  the  orystsl  with  the  speed  of  sound.  Meanwhile  an  energy 
of  misfit  exists  in  the  lattice  at  the  area  of  contaet  between  the 
old  end  the  new  pheee  regions.  It  therefore  takes  a posit  lee  energy 
to  produce  the  phase  shifts,  end  it  is  quite  eonoelvable  thet  at  low 
enough  temperature*  the  f luetuatton  naohenlea  nay  be  unable  to  supply 
the  required  energy.  It  is  possible  to  jrove,  In  terns  of  a plausible 
model,  thet  e transition  temperature  exists  below  which  phase  ooherenoe 
begin*  to  build  ftp. (£).  Such  a phase  ooherenoe  would  inorasee  the 
life -time  of  phonon  states  and  open  the  way  for  superconductivity. 


i 

*5 

4 

I 

I 

■\ 

fj 


y 

I 


X* 

2. 

3. 

5* 


J.Bardooo  Phy»io*,i  R**i«w,  80,  5^57-7 4 « 193® 


K.F,**ott  *ad  H.Jono# 


Th*  Propartln  of  Mtttlo  *nd  #1;  oy* 
Osfora  0.P.  1?3^»  p.23^ 


JrC.SXotor  Introduction  to  thoorottool  Ph-*to*  *e*0:  «v  PllX 

L.I.Iohlff  iJuantuBi  Wchonlwi  Ko.Orow  Fill,  19*9*  P*'5*i 

V.B*n*  Phgrttool  Ro-rlow,  79*  739  «n4  X0O%  19*0 

If.B.S  .Clrmilwr  *o.319»  Oct.  1952 


